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Overview of D-Branes

D-branes provide surfaces to which open strings attach to.

Open string interactions : For 2 parallel Dp-branes, we have four sectors resulting in
four massless gauge fields as shown below :

D-branes interact as following :

FIGURE – Sectors of open strings FIGURE – D-branes interaction

⇒ For N coincident D-branes, we have N2 open string sectors massless gauge fields.
This is the content of a U(N) gauge field theory.
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Anti de Sitter Space

An Anti de Sitter space is a Lorentzian space (+1,−1,−1, , ...,−1) mapped to a ma-
nifold ; Lobachevski space (+1,−1,−1, ...,−1,+1).

Lobachevski space is a solution to the vacuum Einstein Field equations with a cosmo-
logical constant.

It has a constant negative curvature :

R = − n
n− 2

Λ (1)

An AdS space is a maximally symmetric manifold ; invariant under translations and
under rotations.
Mathematically, it can be shown as :

Rµνρσ =
R

n(n− 1)

(
gµρgνσ − gνρgµσ

)
, (2)

where Rµνρσ denotes the Riemann tensor.
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Geometry of AdSn+1 space

Embedding n + 1 dim AdS space to n + 2 Lobachevski manifold with coordinates yµ =
(y0, y1, y2, ..., yn, yn+1) has a metric with scale factor L2 :

ds2 ≡ (dy0)2 −
n

∑
i=1

(dy i )2 + (dyn+1)2 = L2. (3)

This is a conformally flat metric (see report for proof) :

gµν = − 4L2

(1− xaxa)2 ηµν. (4)

Christoffels symbols can be computed from this metric :

Γµ
νσ =

1
2

gµα
(
∂νgσα + ∂σgνα − ∂αgνσ

)
=

1
2

(
4xν

1− xaxa δ
µ
σ +

4xσ

1− xaxa δ
µ
ν −

4xµ

1− xaxa δνσ

)
.

(5)

Riemann tensor from christoffel symbols :

Rµνσα =
1
L2

(
gναgµα − gναgµα

)
. (6)

This is just the Eq. 2.
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Geometry of AdSn+1 space

The Ricci tensor and Ricci scaler can be computed as well as :

Rνα =
n
L2 gνα, R =

n(n + 1)
L2 . (7)

This implies that (n + 1) dimensional space solves the vacuum Einstein equation only
if the cosmological constant satisfies

Λ = − n(n− 1)
L2 < 0. (8)

Thus we have verified that our n + 1 dimensional space is indeed an AdS space.

AdS space is a locus of points which satisfies following relation (as defined above) :

y2 = (y0)2 −
n

∑
i=1

(y i )2 + (yn+1)2 = L2. (9)

The transformations under which this expression remains invariant form a SO(n, 2)
group.

This implies that SO(n, 2) is the isometry group of the AdSn+1.
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Boundary of AdSn+1 space
Define the boundary as the sets of points yµ with the conditions that yµ → ∞ and
yµ ∈ AdSn+1.

Introduce new set of variables such that yµ = Rỹµ, with R → ∞.

In terms of new coordinates, Eq. 9 becomes :

(ỹ0)2 −
n

∑
i=1

(ỹ i )2 + (ỹn+1)2 = 0. (10)

Note that if ỹµ is the point on the boundary of the AdSn+1, then the point t ỹµ also lies
at the boundary as it satisfies Eq. 10.

This means that we can scale the coordiante ỹµ in Eq. 10 to get

(ỹ0)2 + (ỹn+1)2 =
n

∑
i=1

(ỹ i )2 = 1. (11)

Implies that at the boundary we would have a dimensions less than by one depicted as
following :

AdSn+1 = S1 × Sn

At the boundary :

AdSn = S1 × Sn−1

Example : AdS2+1 space (see report).

Junaid Saif Khan D-Branes and AdS/CFT 25th May 2018 7 / 29



Conformal Field Theory
Invariant under conformal transformations ; angles between the vectors invariant.
CFT do not have a preferred scale.
To study the conformal field theories, we must first study the conformal group.

The Conformal Group
A group of transformations under which the metric remains preserve up to an arbitrary
scale factor, gµν(x)→ Λ2(x)gµν(x).

It includes not only the Poincaré group but the inversion symmetry xµ → xµ/x2 as well
[3].
The conformal group of Minkowski space is generated by the Poincaré transformations
such as :

xµ → λxµ, (12)

The special conformal transformations (inversion symmetry transformations)

xµ → xµ + aµx2

1 + 2xνaν + a2x2 . (13)

Generators of conformal transformations are :

(for translations) Pµ = −ι∂µ,

(for Lorentz rotations) Mµν = −(xµPν − xνPµ),

(for scaling transformations) D = −ιxµ∂µ,

(for special conformal transformations) Kµ = −2xµD + x2Pµ.

(14)
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The Conformal Algebra
Conformal generators obey a certain algebra called conformal algebra.

[Mµν, Pρ] = −ι(gµρPν − gνρPµ),

[Mµν, Mρσ ] = −ιgµρMνσ ± permutations,

[Mµν, Kρ] = −ι(gµρKν − gνρKµ),

[Mµν, D] = 0,

[D, Kµ] = ιKµ,

[D, Pµ] = −ιPµ,

[Pµ, Kν] = 2ι(Mµν − gµνD),

(15)

with all other commutators vanishing.
In the special case of d = 2, the conformal group become infinite dimensional.
So, we have to discuss the aspects of conformal group in these two cases : d = 2 and
d ≥ 3.

Conformal Group in d ≥ 3
First write the dimension of the algebra by counting the total number of generators N,
which is clear from the indices on the generators, (from Eq. 14). Hence,

N = d + 1 +
d(d + 1)

2
+ d ,

N =
(d + 2)(d + 1)

2
.

(16)
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The Conformal Algebra
From above, one can see that the algebra defined in Eq. 15 is similar to SO(d , 2)
algebra with generators Jab(a, b = −1, 0, 1..., d − 1) by defining

Jµν = Mµν, Jµd =
1
2
(Kµ − Pµ),

Jµ(d+1) =
1
2
(Kµ + Pµ), J(d+1)d = D.

(17)

They also satisfy the usual SO group commutation relation :

[Jab , Jmn] = ι(ηanJbm + ηbmJan − ηamJbn − ηbnJan) (18)

Hence, the Conformal group corresponds to the SO algebra in d dimensions where
d > 3.

Conformal Group in d = 2
For d = 2, the signature of the metric is (−1, 1) and the conformal transformations are
nothing but the Cauchy-Riemann equations [4].
The generators of this transformations :

jn = −zn+1 ∂

∂z
, j̄n = −z̄n+1 ∂

∂z̄
, (19)

where z is some parameter of the the function which is the solution of Cauchy-Riemann
equations.
These generators also follow the following commutation relations :

[ja, jb ] = (a− b)ja+b , [j̄a, j̄b ] = (a− b)j̄a+b , (20)

while all other are zero. This is called Witt algebra.
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The Conformal Algebra

Conformal Group in d = 2 (Continue)

In Eq. 19, n ∈ Z implies that there is an infinite number of linearly independent gene-
rators.

Thus, the conformal group is infinite dimensional in d = 2.

Note : Globally defined transformations are the same in both cases : d = 2 and d ≥ 3.

When we defined global transformations on the Riemann sphere S2 ' C ∪ {∞} we
see that not all the generators are well-defined [9].

The well defined generators for global transformations are j−1, j0, j1 and j̄−1, j̄0, j̄1. (How :
see report).

In order to see what these transformations represent, we notice the following :

1 j−1 = −∂/∂z and j̄−1 = −∂/∂z̄ are the translational generators.
2 j0 + j̄0 = −r∂/∂r , where z = reiφ, is the 2d dilation generator.
3 ι(j0 − j̄0) = −∂/∂φ generates rotations.
4 j1, j̄1 are the generators of special conformal transformations (Eq. 13).

Hence, this is the group SL(C, 2)/Z2 ≈ SO(3, 1).

Thus, the Conformal group corresponds to the SL(C, 2)/Z2 ≈ SO(3, 1) algebra
in d dimensions where d = 2.
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D-Branes and AdS/CFT Correspondence

�

This correspondence states that quantum gravity in interior of the space-time is
equivalent to a conformal field theory defined on the boundary of that space-time.

�

Consider a stack of N parallel, coincident D3-branes which are extended along a (3+ 1)
dimensional plane in a 10 dimensional space-time.

There are two types of string excitations : the open string excitations correspond to
the D3-branes while the closed string excitations are of the 10 dimensional ambient
space.

The interaction term between the closed strings and open strings can be ignored at low
energies.

Hence, the low energy limit of a stack of D3-branes in 10 dimensions is described by
two independent decoupled systems.

Observation : In string theory black p-branes, generalizations of black holes in p spatial
dimensions, are the solutions of supergravity in the low energy limit of string theory are
same as D-branes [6].

Hence, D-branes act as a curved background where closed strings propagate.

It implies that D-branes are described by supergravity solutions in 10 dimensions at low
energy.
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The Correspondence : Derivation
To derive this correspondence, let us start with the solutions of supergravity equations
at low energy. The metric is given by :

ds2 = H−
1
2 ηµνdxµdxν + H

1
2 (dr2 + r2dΩ2

5), (21)

where

H = 1 +
R4

r4 , R4 = 4πgsNl4s . (22)

Here R is the radius of the curvature of the AdS space and gs is the string coupling.

To use the supergravity approximation of string theory, R/ls must be larger than (4πgsN1/4).

In supergravity picture we are in the following limit :

gsN >> 1. (23)

Generally, the metric (Eq. 21) is not fully correct from the perspective of an observer
who is at r = ∞ in the low energy limit.

Near Horizon Limit

When an object is moving towards the horizon r → 0. According to that observer, lower
and lower energy would appear regardless of its ‘actual’ energy because of red shift
[6].

However, that observer also sees low energy excitations arising from the standard large
wavelength excitations because energies are already low even before the red shift.
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The Correspondence : Derivation

Near Horizon Limit (Continue)

So, to determine the correct metric in the region around r = 0, let us introduce a new
coordinate, for the sake of our convenience, z = R2/r . The correct metric becomes :

dss = R2 ηµνdxµdxν + dz2

z2 + R2dΩ2
5, (24)

which is the AdS5 metric times S5 metric. Hence, this describes the space AdS5 × S5.

On D-branes, Open string excitations are described by a U(N)→ SU(N) theory [Slide
1].

At low energies, the complete description is given by an N = 4, SU(N) supersymme-
tric theory.

In our case, we have D3-branes which are extended along (3 + 1) dimensions. Hence,
open string excitations are described by N = 4, U(N) super Yang-Mills theory in 4
dimensional minkowski space.

Conclusion :
At low energy limit, the two decoupled systems ; open string excitations due to N D3-branes
are described by N = 4, U(N) super Yang-Mills theory in 4 dimensional minkowski space
is equivalent to the closed string exciations which are well described by type IIB
supergravity in AdS5 × S5 dimensional flat space.
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The Correspondence : From Symmetry Group

In CFT, there are 15 number of generators 1 for N = 4 satisfy the SO(4, 2) commutation
relations which is also the isometric group of AdS5.

Moreover, N = 4, SU(N) has an R-symmetry 2 group SO(6) which matches the iso-
metry group of S5.

As a result, the symmetry groups of the two theories match providing further evidence of a
correspondence between the two.

1. N =
(d+2)(d+1)

2
2. An internal symmetry under which supercharges Qiα rotates. It turns into a global symmetry when its algebra is repre-

sented on fields, under which fields rotate.
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The ’t Hooft Large N Limit
Gravity Theory :

In gravity theory, N and gs represents the number of D3-branes and string coupling
respectively.

The more N means the more D3-branes.

Each D-brane has a corresponding gauge field as we discussed in Slide [1] which
implies that there would be lots of gauge fields for large N.

Gauge Theory :

In gauge theory, N and gYM represents the rank of SU(N) and gauge coupling respec-
tively.

Larger N results in a larger number of gluons. So, there would be strong interaction
between gluon pairs (color and anti-color) as seen below.

The two open strings splitting interaction gYM is equal to one closed string splitting
interaction governed by gs coupling as seen below :

FIGURE – Gluons Interaction. FIGURE – Splitting interactions.
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The ’t Hooft Large N Limit

The previous statement is expressed mathematically as :

4πgsN = g2
YM N = λ (25)

From Eq. 23, we get :
gsN >> 1, or g2

YM N >> 1. (26)

The relation between string’s coupling gs and gravitational constant is given as :

GN = 8π6g2
s α′2. (27)

Gravity theory becomes weakly coupled as N approaches to ∞. This is all we can see from
Eqs. 25 and 27.
In gauge theories, ’t Hooft showed that gauge theories with dirac fields have effective
coupling (expansion parameter) known as ’t Hooft coupling λ = g2

YM N.

He considered the perturbative expansion in λ and make it fixed such that λ << 1.
This is known as the ’t hooft limit.

Hence, gauge theory is strongly coupled at large N.

Conclusion : These two descriptions are valid in opposite regimes, λ >> 1 for
supergravity in AdS5 × S5 and λ << 1 for gauge perturbation theory in CFT , therefore we
conclude that AdS/CFT is a duality.
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The Large λ Limit
Once the ’t Hooft limit is set then the only parameter left is λ. So, it is instructive to
establish the meaning of an expansion around large λ.

From prior knowledge we know that for large λ, gravity picture dominates. Let us recall
the string action (Polyakov action) :

SP = −T0

2

∫
d2σ
√
−ggαβ∂αX µ∂βX νGµν. (28)

Here T0 is the string’s tension, Gµν is the spacetime metric which is AdS5 × S5 in our
case defined in Eq. 21 and gαβ is the worldsheet metric.

Experimentally, we don’t measure T0 but slope parameter ; Regge slope α′ which is
related to string’s tension as :

α′ =
1

2πT0h̄c
. (29)

In natural units, string’s tension becomes :

T0 =
1

2πα′
=

1
2πl2s

. (30)

Hence, Eq. 28 becomes in AdS5 × S5 metric form :

SP = − R2

4πα′

∫
d2σ
√
−ggαβ∂αX µ∂βX νGµν, (31)

where R is the radius of the curvature of the AdS space.
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The Large λ Limit

For correspondence, let us apply low energy limit as :

E → 0 (32)

⇒ ls → 0 (33)

⇒ α′ → 0 (34)

After inserting the value of R from Eq. 22, the overall coupling constant becomes :

R2

4πα′
=

√
gsN
4π

(35)

R2

4πα′
=

√
λ

4π
. (36)

Now, Eq. 31 becomes :

SP = −
√

λ

4π

∫
d2σ
√
−ggαβ∂αX µ∂βX νGµν, (37)

It is clear from Eq. 36, that role of α′ in string theory has been exchanged by 1/
√

λ [8].
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Summary

D3-branes in 10 dimensional spacetime :

N = 4 SYM ⇔ Type IIB SUGRA in AdS5 × S5 space

From Symmetry Group :

N = 4 has SO(6) group ⇔ Isometry of S5

For all N :

g2
YM = gs ⇔ R4 = 4πgsNα′2

’t Hooft Limit :

Strongly coupled ⇔ Weakly coupled

Large λ Limit :

1√
λ

expansion ⇔ α′ expansion
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Correlation Functions

�

Correlation functions correspond to physical observables and govern the dynamics
of the theory. One can brainstorm about the dynamics of strongly coupled gauge
theories by performing calculations on the gravity side.

�

The operator O in CFT is dual to some field Φ in bulk theory.

The boundary value of gravity field behaves as a source φ for a CFT operator O.
The correlation functions are defined by the path integrals.

I The generating functional of gravity theory must be the same to the generating functional of
gauge theory. Otherwise, then there would be no equivalence.

Mathematically, it is summed by the following statement of the AdS/CFT correspon-
dence :

Zgravity [Φ|∂AdS = φ0] = ZCFT [φ], (38)

Zgravity [Φ|∂AdS = φ0] =

〈
e
∫

dd xφi
0(x)O

i (x)
〉

. (39)

Here φ0 is the gravity field at AdS boundary.
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Correlation Functions in CFT
The CFT operator or gauge operator O obeys following conformal algebra :

[D,O] = −ι∆O (40)

Here ∆ represents the eigenvalue of dilatation operator and is called the scaling di-
mension of O.

Two-point Functions :

The two-point function (propagator) is defined as :

G(x1, x2) = 〈φ1(x1)φ2(x2)〉 (41)

This function satisfies following differential equation :

[z(x1)∂1 + ∆1∂z (x1) + z(x2)∂2 + ∆2∂z (x2)]G(x1, x2) = 0, (42)

Interested reader may find the complete working of the solution of this equation in [7].

Thus, the complete solution is given by :

G(x1, x2) =
B12

|x1 − x2|−2∆ , ∆ = ∆1 = ∆2. (43)

Here B12 is just a coefficient and has no physical meaning, it can be set to 1 by norma-
lization of primary fields.
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Correlation Functions in CFT
Three-point Functions :

Just like two-point function, the three-point function allowed by conformal invariance
is given by :

〈O1(x1)O2(x2)O3(x3)〉 =
B123

|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x3 − x1|∆3+∆1−∆2
.

(44)
Here B123 is called operator product expansion (OPE).
B123 has a real physical prediction of the theory. Reason?
All the data of a CFT can be obtained from the scaling dimensions ∆i and B123 coeffi-
cients of three-point functions.
Thus, higher correlators can be determined if one know the three-point function in just
three points.

Four-point Functions :

Difficult to calculate because it is not completely conformally invariant but under equal
external weights ∆1 = ∆2 = ∆3 = ∆4 = ∆. The generic form is given as :

〈O1(x1)O2(x2)O3(x3)O3(x4)〉 = f (m, n)|x1 − x2|−2∆|x3 − x4|−2∆. (45)

Here f (m, n) is a function of

m =
(x1 − x2)

2(x3 − x4)
2

(x1 − x3)2(x2 − x4)2 , n =
(x1 − x4)

2(x2 − x3)
2

(x1 − x3)2(x2 − x4)2 , (46)

which is the only independent invariant function under the conformal group.
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Correlation Functions in Gravity Theory

Let us calculate the correlation functions from AdS side and see whether there are same to
CFT’s or not.

Difficult to calculate Zgravity because we do not know the full quantum gravity but in the
semi-classical limit.

Zgravity depends on the boundary conditions of the fields defined on the boundary of
AdS, so we need to identify its boundary conditions.

After all these approximations we have

Zgravity [Φ|∂AdS = φ0] ∼ e−N2SC [φ] × (Quantum Corrections). (47)

Here SC represents the classical gravity action which is defined as for massive scaler
fields as :

SC = N2
∫ dx4dz

z5

{
z2(∂φ)2 + m2R2φ2 + φ3 + ...

}
(48)

The boundary condition for the fields as we approach the AdS boundary z → 0

φ = z−∆+nφ0(x), (49)

where n is the number of dimensions in AdS.

Gauge correlators pop-out while computing the classical action in AdS as a functional of the
boundary conditions [10].
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Holographic Principle : AdS/CFT Approach

�

A quantum gravity system in a bulk ((d + 1)-dimensional spacetime) can be fully
described by the degrees of freedom living on the d-dimensional boundary of this
spacetime. This is the holographic principle.

�

If the bulk is AdS then the holographic correspondence would be AdS/CFT correspon-
dence.

Tells us how much the detailed information in the bulk can be stored completely at the
boundary of a gauge theory.

From previous, we get :

Zgravity [Φ|∂AdS ] = e−N2SC [φ] × (Quantum Corrections) = ZCFT [φ] =

〈
e
∫

dd xφi
0(x)O

i (x)
〉

.

(50)

This implies that the AdS/CFT correspondence is a realization of the holographic principle.
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Holographic Principle : Alternative Approach

Quantitatively, one can check holographic principle by computing the CFT’s area’s worth
of degrees of freedom N which does not exceed the boundary area A.

To do this, consider Bekenstein-Hawking’s entropy formula :

SBH =
A

4GN
. (51)

Recall : In CFT, Nd .o.f ∝ square of gauge fields described by U(N) gauge theory.

Ndof ≈
N2

∈3 , (52)

where ∈ represents the parameter of the spacetime slicing.

Hence, Eq. 51 becomes :

SBH ≈
N2

∈3 . (53)

In AdS, bulk area can be calculated from Einstein-Hilbert action as∫ R
d3x
√

g ≈ L3

∈3 , (dt = 0, dz = 0) (54)
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Holographic Principle : Alternative Approach

According to this, Eq. 51 becomes :

SBH ≈
L3

4GN ∈3 . (55)

From Eqs. 53 and 55, we get

N2 =
L3

4GN
.

Area of the boundary = Volume of the space.
(56)

Conclusion :
The strong-weak duality proposed by the AdS/CFT correspondence offers a tractable-
way to study strongly coupled gauge theories just by studying weakly coupled bulk
theory which is easy to understand within semi-classical limits, thus demonstrating the
power of the AdS/CFT conjecture.

Using the correspondence, we were able to study correlation functions of these two
theories which turn out to be the same through which we studied holographic principle
and found that AdS/CFT correspondence is a realization of the holographic principle.
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Thank You
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